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ABSTRACT: The effects of the flexibility of constituent wormlike chains on the interfacial properties
between isotropic and nematic phases are investigated in a self-consistent mean-field approximation. The
model is built from awormlike chain formalismwhich crosses over from the rod limit to the flexible limit, and
the Onsager-type interaction which describes the orientation-dependent repulsive interaction. Physical
properties such as the surface tension, interfacial width, and density- and order-parameter profiles are
numerically calculated as functions of varying flexibility (defined as the ratio between the total polymer length
and the persistent length) and tilt angle (defined as the angle between the interfacial normal and the nematic
director in the nematic phase). The resulting modified diffusion equation is numerically solved by using a
combination of the Crank-Nicolson algorithm and SPHEREPACK, a software package that deals with the
analysis and synthesis of spherical-harmonics functions.

1. Introduction

The spacial variation of an isotropic-nematic interface is
closely coupled with the orientational properties of constituent
molecules, microscopically; in comparison with the interface
produced in a small-molecule system where the orientational
degrees of freedom of a molecule can be ignored, an isotropic-
nematic interface also macroscopically depends on the angle that
the interfacial normal makes with respect to the nematic director
far away on the liquid-crystal side. Models of the isotropic-
nematic interface in liquid crystals consisting of semiflexible,
interacting polymer chains have been actively studied by theore-
tical work1-11 in recent years, and related experimental work in
colloids,12,13 tactoidal droplets,14,15 and viruses16,17 have been
reported as well.

The flexibility of awormlike polymer chain can bedescribed by
the ratio between the total chain length L and the persistence
length λ. Past theoretical studies of a polymeric liquid-crystal
interface mostly focused on the limit of a rigid, rodlike system
(L , λ) where the rod length L is a characteristic length
scale,1,2,5,8,9,18or the limit of a flexible system (L . λ) where the
persistence length λ plays a dominating role;3,10 in these two
limits, theoretical treatments can be somewhat simplified. Ex-
perimental measurements can be done in systems where the chain
length may be changed but the persistence length is kept fixed.13

The effects of semiflexibility on a polymeric liquid-crystal inter-
face remain theoretically unexplored.

A theoretically well-defined model for a liquid crystal consist-
ing of lyotropic wormlike polymer chains can be traced back to
the classicalworkofOnsager.19 In such a system, a polymer chain
can bemodeled by a cylindrical filament (amicroscopic versionof
a garden hose) where the diameter d characterizes the self-
avoiding nature between different polymer segments. In a lyo-
tropic case, the orientational dependence of the excluded-volume
interaction is responsible for driving the system to forma nematic

phase in relatively high densities, as originally discussed by
Onsager19 for rigid rods, and latter generalized to wormlike
polymers by Khokhlov, Semenov,20 and Grosberg.21 The bulk
properties, for example, dependencies of the transition densities,
orientational order parameter, and free-energy related properties
such as the chemical potential and osmotic pressure on the
flexibilty L/λ, are now known through an exact numerical
solution to the differential equation yielded from this model.22

This paper examines the influence of the flexibility on the
isotropic-nematic interface of a lyotropic polymer system that
incorporates the Onsager interaction, for any ratios of L/λ. The
only two ingredients in the model are: a statistical description for
the wormlike polymer where the ratio L/λ is introduced and the
Onsager interaction which drives the isotropic-nematic transition.
This interfacial study fills the gap between the limit ofL, λ1,5,9 and
the limit of L. λ previously examined.3,10 This interfacial study is
also an extension to the earlier work on the determination of
the isotropic-nematic transition, where the bulk properties were
calculated.22 The results in this paper can be compared with
experimental systems where the isotropic-nematic interface is
inherently flat, or having curved interface where the curvature is
much less than the inverse interface width, to be examined below.

A technical advance in numerical approach is critical to carry
out the current calculation.Adifficult problem in the self-consistent
mean-field treatment of polymer theory is accurately and efficiently
solving the resulting modified diffusion equation (MDE) in multi-
ple dimensions. Cui, Akcakir, and Chen considered the solution to
MDEofawormlike chain, expanding theorientational dependence
in terms of spherical harmonics and taking a finite difference in the
spatial variable;3 this approach was followed in later work for
related systems.23-26 Matsen suggested solving MDE of a similar
type through constructing orthonormal eigenfunctions which de-
scribe both spatial and orientational variations, to study the
lamellar phase self-assembled by semiflexible diblock copolymers
under a periodical boundary condition.27 Recently, Song et al.
developed a numerical method coupling the forward-time and
centered-space schemes together with a finite-volume algorithm
to solve MDE.28
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The method used in this paper is similar in spirit to the
treatment proposed by Cui et al.;3 the main difference is that
our algorithm utilizes a software package, SPHEREPACK,
which provides a fast and efficient spherical-harmonic analysis
and synthesis transformations29 to deal with the orientational
dependence; the positional and path variables are treated by the
unconditionally stable Crank-Nicolson algorithm. This treat-
ment can be generalized to systems without the type of periodical
boundary conditions proposed byMatsen;27 the method also has
the advantage of letting the software package to deal with the
mathematical complexities in handling the spherical expansion
which no longer requires manual calculations.3,23

This paper is organized as follows. In section 2, we introduce
the theoretical framework that the current calculation is based on
for an arbitrary flexibility. The discussion and proof that this
model exactly yields the rod formalism and flexible-chain forma-
lism in the corresponding limits are given in Appendices A and
B, respectively. We also discuss the numerical algorithm in detail
within this section. In section 3, the main numerical results are
given and discussed; readers who do not wish to know the self-
consistent mean-field treatment and numerical approaches can
directly skip to this section.

2. General Formalism

In this section, we introduce the general formalism yielded
from the self-consistent mean-field theory (SCMFT) for a worm-
like chain problem that is used for the calculation in this work.
We consider a system of volume V consisting of n wormlike
homopolymers. Each polymer chain is a cylindrical filament and
has a total contour length L and a diameter d. We assume that
the configuration of a chain is described by the Saito-Takahashi-
Yunoki model,30 which is a continuous version of the Kratky-
Porod model.31 Mathematically the configuration of a chain is
described by a continuous space curveR(s), where s ∈ [0,L] is the
arc variable along the polymer backbone. The vector u(s) �
dR(s)/ds specifies the tangent direction at s and is restricted to be
a unit vector in our treatment, i.e. |u(s)|=1.

We are interested in the calculation of the free energy, which is
related to the partition function of the system,

Z ¼ 1

n!

Z Yn
i¼ 1

D ½Ri� expð-H Þ ð1Þ

where the Hamiltonian H consists of two parts: H =H1 þ H2.
The first part is the bending energy of wormlike chains,

H 1 ¼ λ

2

Xn
i¼ 1

Z L

0

ds

�����duiðsÞds

�����
2

ð2Þ

The microscopic parameter, bare persistence length λ, describes
the distance along the contour of awormlike chain overwhich the
orientational correlation exponentially decays. The other part is the
Onsager-type excluded-volume interaction potential,19,20

H 2 ¼ a2d

Z
dr du du0 r̂ðr, u0Þju� u0jr̂ðr, uÞ ð3Þ

where a represents the Kuhn length and is related to λ by30

a ¼ 2λ ð4Þ
in the limit of L . λ for a d=0 polymer in a free space (i.e.,
H2=0). Here we introduce a segment density operator

r̂ðr, uÞ ¼ 1

a

Xn
i¼ 1

Z L

0

ds δ½r-RiðsÞ�δ½u- uiðsÞ� ð5Þ

which is a function of both r and u.32

Following the SCMFT treatment, where a self-consistent field
W (r,u) is introduced32 in conjugation to the operator F̂, we can
write the Helmholtz free energy per chain as

F

kBT
¼ ln

n

Q

� �
þ a2d

n

Z
dr du du0 φðr, uÞju

� u0jφðr, u0Þ- 1

n

Z
dr du Wðr, uÞφðr, uÞ ð6Þ

The density distribution function φ (r,u) is the statistical average
of F̂ and represents the density of segments of length a, satisfying
the normalization conditionZ

dr du φðr, uÞ ¼ nL=a ð7Þ

The partition function of a single chain can be calculated from
Q =

R
dr

R
du q(r,u,L)/(4πV), where the propagator q(r,u,s)

follows the modified diffusion equation (MDE),

∂

∂s
qðr, u, sÞ ¼ 1

a
ru

2 - u 3r-
1

a
Wðr, uÞ

� �
qðr, u, sÞ ð8Þ

with the initial condition q(r,u,0) = 1.32 Equations 6-8 were
recently considered for the calculation of the structure of a
wormlike brush problem by us and co-workers.33

For later convenience in this work, we define the reduced
variables

φðr, uÞ � aV

nL
φðr, uÞ ð9Þ

Wðr, uÞ � L

a
Wðr, uÞ ð10Þ

and

s � s=L ð11Þ
Note that φh(r,u) is normalized to V. Then, the free energy per
chain can be rewritten as,

F

kBT
¼ ln

C

Q

� �
þ 1

V

Z
dr du ½C

Z
du0 φðr, uÞju

� u0jφðr, u0Þ-Wðr, uÞφðr, uÞ� ð12Þ
where a constant shift, ln(L2d/V), in the free energy has been used
and

C � nL2d

V
ð13Þ

is the overall reduced chain density in the system. We have kept
the same reduction prefactor L2d and the symbolC for the chain
density following Onsager’s original work.19 We can then rewrite
eq 8 using reduced parameters

∂

∂s
qðr, u, sÞ ¼ ½Rr2

u -Lu 3r-Wðr, uÞ�qðr, u, sÞ ð14Þ

where the reduced contour variable s ∈ [0,1]. The parameter

R � L=a ð15Þ

describes the flexibility of a wormlike chain. In the rod-like chain
limitR=0 and in the flexible chain limitR. 1. The current work
focuses on how the isotropic-nematic interface is influenced by
the flexibility parameter R over the entire range. Minimizing the
free energy, eq 12, with respect to the external filed W (r,u) and
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density φh(r,u), we obtain equations according to the saddle-point
approximation,

φðr, uÞ ¼ 1

4πQ

Z 1

0

ds qðr, u, sÞqðr, - u, 1- sÞ ð16Þ

Wðr, uÞ ¼ Λþ 2C

Z
du0ju� u0jφðr, u0Þ ð17Þ

whereΛ is a constantwhichwill be defined later. Equations 14, 16
and 17 forma self-consistent set of equations that are numerically
solved in the next few sections.

2.1. Bulk Phases and the Isotropic-Nematic Phase Transi-
tion. In a spatially homogeneous system, i.e., in a bulk phase,
we recover the formalism and results studied earlier by one of
us.22 Dropping the r dependence and adding a subscript “b’’
to the physical quantities considered above, we write the
Helmholtz free energy per chain in a simplified form

F

kBT
¼ ln

C

Qb

� �
þ

Z
du ½C

Z
du0 φbðuÞju

� u0jφbðu0Þ-WbðuÞφbðuÞ� ð18Þ

where the partition function of a single chain can be calcu-
lated from Qb = 1/(4π)

R
du qb(u,s= 1). The free energy

[eq 18], together with theMDE [eq 14 without the u 3r term],
was considered earlier,22 where the isotropic-nematic transi-
tion for any chain flexibilityRwas determined.We verify this
result in this section.

In our lyotropic system, at a given flexibility parameter R,
the only parameter that controls the physical properties of
the system is the reduced density C. At the first-order
isotropic-nematic phase transition, the chemical potentials
calculated from the isotropic density Ci and the nematic
densityCn are equal, μ(Ci)=μ(Cn); the osmotic pressures are
equal as well,P(Ci)=P(Cn). Both the chemical potential and
osmotic pressure can be calculated from the free energy in the
above, by μ� [∂(nF)/∂n]T,V and P�- [∂(nF)/∂V]T,n once the
reduced density is specified.20,22,34,35 The two phase-balancing
equations are nonlinear in Ci and Cn; we use the Newton-
Raphson algorithm36 to solve this set of nonlinear equations
to determine Ci and Cn.

The calculation of the free energy requires an accurate
computational algorithm to solve theMDE. In a bulk phase,
eq 14 is reduced to

∂

∂s
qbðu, sÞ ¼ ½Rr2

u -WbðuÞ�qbðu, sÞ ð19Þ

with the initial condition qb (u,0)= 1. Chantawansri et al.
introduced a software package, SPHEREPACK, to success-
fully deal with the two-dimensional Laplacian operator ru

2

on the surface of a unit sphere in the study of diblock copoly-
mer self-assembly on a sphere with chain statistics described
by theGaussianmodel.37 SPHEREPACKpromises to provide
an efficient spherical harmonic analysis and synthesis trans-
formation38 and was developed byAdams and Swarztrauber
of the National Center for Atomospheric Research.29 Sub-
routines written in FORTRAN 77 are available for imple-
menting the fast Fourier transform (FFT) on the azimuthal
angle j ∈ [0,2π) and either equally spaced or Gauss-distrib-
uted grid points on the polar angle θ ∈ [0,π].39 The sub-
routines treat function transformations in real number,
which save half computation time compared to those using
complex numbers on scalar spherical harmonic functions.40

We have implemented SPHEREPACK in our treatment of
the operator ru

2.
Our treatment of the ∂/∂s operator followed the uncondi-

tionally stable Crank-Nicolson algorithm.36 Introducing a
contour step Δs for s, we solved eq 19 in the form of

1-
RΔs
2

ru
2

� �
qbðu, sþΔsÞ

¼ 1- ðΔs=2ÞWbðuÞ
1þðΔs=2ÞWbðuÞ

1þRΔs
2

ru
2

� �
qbðu, sÞ ð20Þ

The entire numerical procedure proceeds as follows, starting
from a known qb (u,s) at step s. We utilized the analysis and
synthesis transformation of SPHEREPACK29 to calculate
ru

2qb (u,s). As the next step, we used the analysis transform
again on the right side of eq 20, defined as a new function
f(u,s); we then consider

f ðu, sÞ ¼
XL
l¼ 0

Xl

m¼ 0

Pm
l ðcos θÞ½al,mðsÞ cosðmjÞ

þ bl,mðsÞ sinðmjÞ� ð21Þ

wherePl
m(cosθ) is the Legendre polynomial and the integerL

controls the precision of the transform. Finally, we set

cl,mðsþΔsÞ ¼ al,mðsÞ 1þRΔs
2

lðlþ 1Þ
� �- 1

ð22Þ

dl,mðsþΔsÞ ¼ bl,mðsÞ 1þRΔs
2

lðlþ 1Þ
� �- 1

ð23Þ

to calculate

qbðu, sþΔsÞ ¼
XL
l¼ 0

Xl

m¼ 0

Pm
l ðcos θÞ½cl,mðsþΔsÞ cosðmjÞ

þ dl,mðsþΔsÞ sinðmjÞ� ð24Þ

with the assistance of a synthesis transformation.
In our current numerical calculation, we used evenly

spaced grid points in both θ ∈ [0,π] and j ∈ [0,2π), broken
into Nθ and Nj slabs, respectively. In a bulk phase, for the
nematic phase, the function qb (u,s) has noj dependence due
to axial symmetry about the nematic director. The j depen-
dence in the above algorithm was used for testing the
precision of the numerical results in the inhomogeneous case
presented below, where the j dependence becomes impor-
tant. Taking Δs=0.0002, Nθ=36, Nj=72 (and in another
comparative study, Nθ=72, Nj=144), we have calculated
the physical properties at the isotropic-nematic phase tran-
sition, including the segment density Ci(R), the nematic
segment density of Cn(R), and the nematic order parameter
S2 � ÆP2(cos θ)æ, which are shown as functions of the
flexibility parameter R in Figure 1. Our results of Ci(R=
0) = 4.1963, Cn(R= 0) = 5.3343 and S2(R= 0) = 0.7902
fully agree with the results from a number of previous
studies.22,34,35 In the large R limit of Figure 1A,B, we have
also added dashed lines representingCi(R. 1)=13.05R and
Cn(R . 1) = 14.08R, which agree well with previous
results.22,41 In the intermediate region of R, our numerical
data fully agree with those in ref 22, in which a finite-
difference scheme is used to solve eq 19, rather than the
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current use of SPHEREPACK. The precision of our calcula-
tion can be described by the difference of calculated proper-
ties in two runs: thosewithNθ=36,Nj=72versus thosewith
Nθ=72,Nj=144. The difference is not visually identifiable
when plotted in Figure 1.

2.2. Isotropic-Nematic Interface: Spatially Inhomogeneous
Case. The main task of this work is the study of the isotropic-
nematic interface, where the structure described by the segmen-
tal density distribution function varies froman isotropic state to
a nematic state smoothly. The presence of the interface destroys
the rotational symmetry of φ about the nematic director; the
propagator qneeds to be treatedwith complete dependencies on
the spatial variable r, arcvariables s, polarangleθ, andazimuthal
angle j, calculated from eq 14.

It turns out that not all three components of r are needed to
describe the system with a flat interface. Considering the
coordinate system shown in Figure 2, we assume that the
isotropic-nematic interface is in the y-z plane near x=0, so
that the physical properties vary as functions of x and u only.
As previously noted,1,3,8 the direction of the nematic director
of the nematic phase to the right of the x=0plane, uz, should
be treated as an independent parameter in the system. The
unit vector u is specified in the u space, where uzmakes an tilt
angle θt with respect to the x axis. With the definition of the
coordinate system where uy coincides with the y-axis, the
polar angle θ can be defined from cosθ=u 3 uz and azimuthal
angle j from sinθ cosj=u 3 ux.

Across the entire x-space, the chemical potential per chain
μ remains as a constant. This allows us to define a grand
thermodynamic potential, Ξ=nF - nμ, in a reduced form,

ΞLd

kBTAC
¼ -μ

Z
dx du φðx, uÞþ ln

C

Q

� �Z
dx du φðx, uÞ

-
Z

dx duWðx, uÞφðx, uÞþC

Z
dx du du0 φðx, uÞju

� u0jφðx, u0Þ ð25Þ

where A is the area of the flat interface, μh � μ/kBT, and the
spatial variable is rescaled by

x � x=L ð26Þ
The partition function of a single chain can be calculated
from Q=

R
dx

R
duq(x,u,1)/[4π

R
dxdu φh(x,u)].

Using the coordinate system in Figure 2, we rewrite eq 14 as

∂

∂s
qðx, u, sÞ

¼ Rru
2 - ðcos θtuz þ sin θtuxÞ ∂

∂x
-Wðx, uÞ

� �
qðx, u, sÞ

ð27Þ
where ux=u 3 ux=sin θ cos j and uz=u 3 uz=cos θ. The self-
consitent field is given by

Wðx, uÞ ¼ Λþ 2C

Z
du0 ju� u0jφðx, u0Þ ð28Þ

Figure 1. (A) Reduced segment density of the isotropic phaseCi, (B) reduced segment density of the nematic phaseCn, (C) the differenceCn-Ci, and
(D) orientational order parameter S2 at the isotropic-nematic phase transition as functions of the flexibility parameter R� L/a. Our results ofCi(R=0)=
4.1963,Cn(R=0)=5.3343 andS2(R=0)=0.7902 and agreewith previous results aswell.22,34,35Wehave also addeddashed lines to plotsA andB,which
represent Ci(R . 1)=13.0495R and Cn(R . 1)=14.0769R and agree with previous results as well.22,41

Figure 2. Schematic coordinate system. The interface normal is along
the x direction and the bulk nematic director is along the uz direction,
which defines the reference director for the unit vector u. The tilt angle θt
is defined to be the angle between the x-axis and uz. The spatial direction
y coincides with uy, both pointing into paper.
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from minimization of eq 25 with respect to φh(x,u). Note that
we have used a constant Λ = 1- μh þ ln(C/Q) in the actual
calculation.

We now illustrate the numerical method used to solve
eq 27, using the notations F̂1�- (cos θtuzþ sin θtux)(∂/∂x)-
W(x,u) and F̂2 � Rru

2. According to the Crank-Nicolson
algorithm, we can decouple the numerical process of solving
q(x,u,s) into two steps

1-
Δs

2
F̂1

� �
qðx, u, sþΔs=2Þ ¼ 1þΔs

2
F̂2

� �
qðx, u, sÞ ð29Þ

1-
Δs

2
F̂2

� �
qðx, u, sþΔsÞ ¼ 1þΔs

2
F̂1

� �
qðx, u, sþΔs=2Þ

ð30Þ
At the first step, the intermediate q(x,u,s þ Δs/2) is obtained
through solving the linear set of equations36 because of the
tridiagonalmatrix property of the operator 1- (Δs/2)F̂1 for the
spatial variable x. At the second step, similar to the processes
described by eqs 21-24 used to solve eq 19, q(x,u,s þ Δs) can
also be calculated directly from eq 30. Notably, eqs 29 and 30
canbe reduced into eq20 if thepropagatorq is independentofx.
Once the properties at the step sþ Δs are knownwe go back to
eqs 29 and 30 for the next iteration. The chemical potential μh is
determined from the phase balancing condition in section 2.1
and canbe related toCi in Figure 1Abyμh=lnCiþ (πCi/2)þ 1.

The interface profile changesmore drastically at the center
and varies more smoothly farther away. Using a rescaled
spatial variable ξ(x)� tanh (x/η) instead of x to describe the
isotropic-nematic interface,3 we can effectively place more
grid points near the interface by evenly dividing the ξ space.
Then, the spatial differential operator in eq 27 can be
rewritten as ∂/∂x=[(1 - ξ2)/η](∂/∂ξ), where the parameter
η was manually adjusted to approximately match the inter-
facial width. Note that the interval x ∈ [-¥,¥] now becomes
ξ∈[-1,1] accordingly.We use nξ=51 equally spaced discrete
points in the interval [-1,1], i.e., Δξ=0.04.

The self-consistent calculation started with an initial guess
for the self-consistent fieldW (x,u), taken as a step function
whereW (x,u)=0 to the left of x=0 andW (x,u)=Wb(u) (a
result from the bulk calculation) to the right. The Picard
iteration method used in our previous study of a wormlike
chain brush33 was utilized to update the W(x,u) function
iteratively step-by-step. At every iteration step, a function of
Nξ � Nθ � Nj � Ns=51 � 36 � 72 � 5001=6.61 � 108

variables was calculated through eq 27. The iteration con-
tinued until the convergence criterion imposed on the field
was met, MAX|Wnew(x,u) - Wold(x,u)| < 10-3.

3. Results and Discussion

In this section, we discuss the main results obtained from a
numerical solution to the SCMFT presented in the last section.
The orientational ordering of the polymer segments is normally
considered by a tracelessmatrix.42 Thismatrix is a function of the
spatial variable x across the interface and can be calculated from
the statistical average of the tensor (3uu - I)/2

SðxÞ � 1

2

R
duð3uu- IÞφðx, uÞR

duφðx, uÞ ð31Þ

It has been noted before3 that the principal nematic director
changes across the isotropic-nematic interface. Mathematically
the principal order parameter S(x) and the biaxiality parameter
P(x) can be found from the diagonalization of the abovematrix,3

U - 1SðxÞU ¼

SðxÞ 0 0

0
1

2
ðPðxÞ-SðxÞÞ 0

0 0 -
1

2
ðPðxÞ-SðxÞÞ

2
666664

3
777775

where U is a 3 � 3 unitary matrix.
For a number of representative values of R, the profiles of the

segmental density Cφh(x), the order parameter S(x), and the

Figure 3. Density profile Cφh(x) of the isotropic-nematic interface as a function of x � x/L with a few typical values of the tilt angle θt for different
flexibility ofwormlike chain, (A)R=5.88� 10-4, (B)R=0.5, (C)R=2.5, and (D)R=8.33.Red, green, blue, cyan, andpink curves representθt=0,π/9,
2π/9, π/3, and π/2, respectively.
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biaxiality P(x) are plotted as functions of x in Figure 3-5. Within
each plot, we have further displayed curves for a few typical values
of the tilt angle θt. Both Cφh(x) and S(x) display a narrowest
interfacialwidthwhenθt=π/2 andawidened interfacialwidth asθt
decreases.AcomparisonbetweenFigure 3andFigure 4 reveals that
the variation of the density function slightly moves toward the
nematic side in comparisonwith thevariationof theorder-parameter
profile. In all cases, the density profiles show a depletion before
entering into the interface from the isotropic side. The density
profiles formost values ofR increase smoothly to the values at the
nematic side, except for intermediate values of R; an example can
be seen in Figure 3C where the density profiles are enhanced
before entering into the nematic state on the right-hand side, when
R=2.5. Correspondingly, a similar enhancement of orientational
ordering can be found in Figure 4C.

Figure 5A shows a weak but significant biaxiality across the
interface. In the θt = π/2 case, P(x) varies more drastically
because of the anchoring effect. θt = 0 is an interesting case
where P(x) reduces to zero across the entire region; the system
actually recovers an axial symmetry about the nematic director in
the far right-hand side. Another feature in this figure is the
reduction of the magnitude of the biaxiality as R increases—a
more flexible polymer can make an easier structural change to
facilitate the crossover from the isotropic to nematic sides.

The interfacial tension is normally defined as the interface
excess free energy per area, in comparison to that in a bulk phase.
For this purpose we define the interfacial tension,

σ � ðΞ-ΞisotropicÞ=A ð32Þ

In reduced symbols, this can be calculated from

σLd

kBT
¼ -

Z
dx

Z
du Cφðx, uÞ 1

2
Wðx, uÞþ 1

� ��

þCi ln Ci þπCi

4
- μ

� ��
ð33Þ

where it should be understood that eq 28 was used to reduce the
longer version in eq 25: the minimization of the free energy with
respect to the density profile has already been considered. The
term associated with the second set of square brackets in the
above expression is the negative osmotic pressure of the isotropic
phase; subtracting a reference Ξ by using the nematic Ξ works as
well, because this term is identical to Ξisotropic. The term asso-
ciated with the first set of brackets can be regarded as the osmotic
pressure at the position x. The entire expression can also be
considered as the reduced work performed (per unit area) to
move polymer segments from x=-¥, overcoming the osmotic
pressure difference, to construct an isotropic-nematic interface.

Figure 6 shows the dependence of interfacial tension σ(R,θt)
on the flexibility parameter R for tilt angle θt=0 and π/2 in
double logarithmic scales. Other cases of θt display similar
curves, falling between these two curves. Note that the vertical
axis is reduced by using, among other parameters, the total
polymer L. An increase in flexibility allows rodlike molecules to
make easier accommodation to the interface change, hence we
see a reduction of the surface tension. Eventually, as polymers
become more flexible in the large R region, the dominating
length scale is a, no longer L. Scaled by a instead of L, the
surface tension should approach a constant in this limit.3,10

Going back to the plot in Figure 6 where the vertical axis is
scaled by L, the interfacial tension is then linearly dependent on
L/awhich is R. We indeed see that the interfacial curves increase
linearly in the large R limit.

An interesting comparison canbe seenbetween the variationof
the interfacial tension in Figure 6 and variation of the magnitude
of the change in Cn - Ci in Figure 1C. In general, one would
expect that the interfacial tension should be inversely propor-
tional to the interface width. In our case, however, as discussed
below the interface width has a monotonic decrease as a function
of R in the large R region while the interfacial tension has a
completely different trend. In fact, the variation of the interfacial
tension is also determined by themagnitude of the change that the
interface through; in our case, the change of Cn - Ci is mostly
responsible for the change in σ(R,θt).

Figure 4. Order parameter profile S(x) of the isotropic-nematic interface as a function of x� x/Lwith a few typical values of tilt angle θt for different
flexibility of wormlike chain, (A) R=5.88� 10-4, (B) R=0.5, (C) R=2.5, and (D) R=8.33. Red, green, blue, cyan, and pink curves represent the tilt
angle θt=0, π/9, 2π/9, π/3, and π/2, respectively.



10674 Macromolecules, Vol. 43, No. 24, 2010 Jiang and Chen

Another important perspective can be gained fromplotting the
interfacial tension as a function of cos θt for typical values of R,
shown inFigure 7.We found that for anyR the interfacial tension
monotonically decreases with the increase of the tilt angle θt. This
implies that the global free energy minimum can be attained at
θt = π/2, if the nematic director on the far right-hand side is
allowed to rotate. The same theoretical conclusionwas previously
drawn for isotropic-nematic interfaces consisting of rigid-
rods2,5,8 or flexible wormlike chains.3,6 This observation qualita-
tively agrees with a recent experimental observation.13

We can generally show from an analysis of the functional
dependence on θt in eq 27 that the interface can only be a function
of the variable cos2 θt. Physically, this reflects the symmetry
property, σ(R,θt)=σ(R,πþ θt), because of a reflection symmetry
against the z=0 plan in Figure 2. Doi and Kuzuu,8 for example,

even proposed that the interfacial tension for a rod system (R=0)
can be approximated by

σð0, θtÞLd
kBT

¼ 0:257ð1þ 1:75 cos2 θtÞ1=2 ð34Þ

which has values higher than our results over the entire region of
cos θtwhen R=0. A somewhat surprising result from the current
calculation is that the dependence ofσ in cosθt is parabolicwithin
the numerical errors and our numerical results can be well
captured by a simple empirical formula

σðR, θtÞLd
kBT

¼ A0ðRÞ cos2 θt þB0ðRÞ ð35Þ

which is similar to the Rapini-Papoular model43 estimating the
interfacial tension. The coefficients A0(R) and B0(R) were ob-
tained from fitting to the numerical data and can be further
represented by

A0ðRÞ ¼
X3
m¼ 0

amRm=ð1þ
X2
m¼ 1

bmRmÞ ð36Þ

B0ðRÞ ¼
X3
m¼ 0

amRm=ð1þ
X2
m¼ 1

bmRmÞ ð37Þ

where the constants am and bm are listed in Table 1. This
dependence is displayed in Figure 7 as straight lines, where the
horizontal axis is cos2 θt. The dimensionless anchoring strength,
i.e., the ratio of the anchoring energy and the interfacial tension as
the function of R can be directly calculated from A0(R)/B0(R),
which is shown in Figure 8 based on eqs 35 to 37 and the fitted
coefficients in Table 1. In the rod-like chain limit, R f 0, our
calculation shows A0(0)/B0(0) f 0.58; in the flexible chain limit,

Figure 5. Biaxiality profile P(x) of the isotropic-nematic interface as a function of x � x/L with a few typical values of the tilt angle θt for different
flexibility of wormlike chains, (A) R=5.88� 10-4, (B) R=0.5, (C) R=2.5, and (D) R=8.33. Red, green, blue, cyan, and pink curves represent the tilt
angle θt=0, π/9, 2π/9, π/3, and π/2, respectively.

Figure 6. Isotropic-nematic interfacial tension for systems having
various degree of flexibility R at tilt angle θt=0 and π/2 (represented
by squares and circles, respectively). Red and green curves are the
corresponding fitting results according to eqs 35 to 37. We also added
dashed lines σ(R,θt=0)Ld/kBT=0.5635R (red) and σ(R,θt=π/2)Ld/
kBT=0.2818R (green) in the large R region to indicate the asymptotic
behavior.
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R f ¥, A0(¥)/B0(¥) f 1.0; in the vicinity of R=0.3 there is a
minimum value of anchoring strength 0.5. Our theoretical pre-
diction on the dimensionless anchoring strength, however, is far
smaller than the experimental observation of Puech et al. who
studied aqueous dispersions of carbon nanotubes and found the
corresponding value is approximately equal to 3.4.44 So far, the
reason for the disagreement is not clear.

The characteristics of the interface can also be examined by
interfacial widths measured from the density- and orientational
order-parameter profiles as functions of x. Because of the
nonmonotonic variation of these profiles, we have decided to
use the second-moment definition,

w ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Æx2æ- Æxæ2

q
ð38Þ

where the average is evaluated by

ÆAðxÞæ ¼

Z ¥

-¥
AðxÞ

�����df ðxÞdx

����� dxZ ¥

-¥

�����df ðxÞdx

����� dx
ð39Þ

with the function f(x) beingCφh(x) for the density interfacial width
or S(x) for the orientational interfacial width.

The interface widths wφ(R,θt) calculated from the profile of
segmental density and wS(R,θt) from order parameter for θt=0

(squares) and π/2 (circles) are displayed in Figure 9. Other
values of θt give a rise to curves in between these two. In both
wφ � wφ/L and wS � wS/L, the interfacial widths decrease with
an increase in R. Those systems with θt = 0 have a broader
interface width than those with θt=π/2, for a fixed R; this result
is consistent with earlier studies.2,3,6 In the small R regime, the
interface width has a sharp drop with the increase of R. In the
large R region, we anticipate that the interface width is pre-
dominantly controlled by the Kuhn length a, w∼a. Reflected in
these plots where w is scaled by L, we see an 1/R behavior in the
large R region.

As demonstrated in Appendix A, in the limit of R , 1, the
general formalismdeveloped for thewormlike isotropic-nematic
interface in this work exactly recovers that of the interface
problem of rigid rods, originally developed by Onsager for the
bulk phase,19 and later generalized by others for the description
of the interfacial problem.1,2,9

InFigure 10,we display the interfacial tension previously found
in this limiting case. Both results by Doi-Kuzuu8 andMcMullen1

can be seen far above the results found in the current work (filled
circles); this is caused by the trial density functions used in these
theoretical approaches. The result2 from a numerical treatment of
the Onsager problem, without the explicit consideration of the
biaxiality, given in the plot as squares, is also above this calcula-
tion and cannot be represented by the quadratic function in cos θt;
neglecting biaxiality is probably the cause of this deviation.

In the flexible-chain limit, L . a, the formalism developed in
this work also recovers those used by Cui, Akcakir and Chen,3

who have studied the isotropic-nematic interface formedby long
wormlike polymers. In this limit the characteristic length scale is a
and we can show that the reduced surface tension σad/kBT
approaches a constant. In Figure 11, we plot the data obtained
from the currentwork forR=10,which canbe comparedwith the
projectedR. 1 result, taken fromeqs 35 to 37 in the largeR limit.
It is not clearwhere the discrepancy between the result in ref 3 and
our current calculation comes from, seen in this plot.

Chen, Sato, and Teramoto measured the surface tension of
polysaccharide molecule as a function of molecular weight M,
which can be translated into contour length L in this model. The
molecules in these systems can be considered almost rigid. It is
interesting tonote that theirmeasurement gives aσM that decreases
as M increases, which is consistent with the qualitative feature of
σLd/kBT in the small L/a region, found in this work. Later,
Chen and Gray measured the interfacial tension45 in the system
of aqueous suspensions of cellulose crystallites through changing
crystallites concentration and obtained the relatively satisfactory

Table 1. Fitted Coefficients in eqs 35-37

a0 a1 a2 a3 b1 b2

A0(R) 0.1076 0.4240 0.0721 2.6204 17.710 9.3023
B0(R) 0.1852 1.1654 0.0723 5.0579 17.273 17.948

Figure 7. Reduced isotropic-nematic interfacial tension defined in eq 33
as a function of the tilt angle θt. (A) Open squares, circles, up triangles,
down triangles and diamonds represent R=0.01, 0.1, 0.5, 1, and 1.25,
respectively. (B) Filled squares, circles, up triangles and down triangles
and diamonds represent R=2.5, 5, 6.25, 8.33, and 10, respectively.

Figure 8. Ratio of the anchoring energy and the interfacial tension for
systems having various degree of flexibility R.
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results compared to theoretical predictions1,2 after considering the
equivalent hard-core diameters of the rod-like particles. The
theoretical results1,2,8,9 on the prediction of interfacial tension
σLd/kBT for L , a, however, are usually far lower than other
experimental observations.13,45 It is not clearwhetherwe can ascribe
the discrepancy to the flexibility on the polymer chain, to the
polydispersity in molecular weight, to the soft attractive interac-
tions between the polysaccharidemolecules,13 or the definition of
the effective diameter45 of a polymer segment in the experiment.

4. Summary

In this work, we calculated the interfacial properties of the
isotropic-nematic interface from a model that contains the
Onsager interaction for the description of the orientational-

dependent interaction and the wormlike-chain statistics for the
description of the flexibility of chains. We particularly paid atten-
tion to the flexibility dependence, connecting to interfacial proper-
ties previously studied in two limits: rods and flexible chains. One
particularly interesting case is that the reduced surface tension,
σLd/kBT, where L and d are the polymer’s total contour length
and excluded-volume diameter, decreases as a rigid chain is
softened, goes through a minimum, and then increases linearly
in the flexible limit shown in Figure 6. This decrease near the rigid
region qualitatively explains a recent experimental observation.13

We have also verified that the general trend of the tilt-angle
dependence in a lyotropic isotropic-nematic interface, reflected
by the surface tension and seen previously in rod- and flexible-
chain models, is also valid in the semiflexible case, shown in
Figure 7. Weak biaxialities have been found in all systems
considered in this work, consistent with those seen in models
describing these two limits.

Wedescribed theusageof the softwarepackageSPHEREPACK
in treating the orientational dependence of the physical properties
in this system. This method can be easily adopted for related
wormlike-polymer problems, that requires the numerical solution
to a modified differential equation with both positional and
orientational dependencies.

Appendix A: The Rod Limit: R=L/a , 1

In thisAppendix, we show that the formalismgiven in section 2
is identical to the Onsager model for a liquid-crystal interface in
the limit of a. L. The modified diffusion equation, eq 8, can be
reduced to

∂

∂s
qðr, u, sÞ ¼ - u 3r-

1

a
Wðr, uÞ

� �
qðr, u, sÞ ð40Þ

By directly taking the derivative, we can show that eq 40 can be
formally solved

qðr, u, sÞ ¼ exp -
1

a

Z s

0

Wðr- s0u, uÞ ds0
� �

ð41Þ

We can then write the density of segments, labeled s along rods

φðr, u, sÞ ¼ n

4πVaQ

Z L

0

ds qðr, u, sÞqðr, - u,L- sÞ

¼ nL

4πVaQ
exp -

1

a

Z L

0

Wðrþ s0u- su, uÞ ds0
" #

ð42Þ

Figure 9. Reduced interface widthw�w/L defined in eq 38 for systems
with various flexibility R at two tilt angles, θt = 0 (squares) and π/2
(circles). wφ (A) and wS(B) represent the interfacial widths calculated
from the density and order parameter profiles, respectively.

Figure 10. Interfacial tension for different tilt angles θt in the rod-like
chain limit R , 1. The curve going through squares was obtained by
Chen and Noolandi,2 whose results almost overlaps with those of van
der Schoot.18 The curve going through circles represents our calculated
results for R = 5.88 � 10-4. The dotted curve was extrapolated from
eqs 35 to 37, by setting R = 0. The dashed curve was obtained by Doi
and Kuzuu.8 The dash-dotted curve was obtained by McMullen.1

Figure 11. Interfacial tension for different tilt angles θt in the flexible
chain limit, R . 1. The curve with circles represents our result for R=
10, and the solid curve is an extrapolation from eqs 35 to 37 by taking
R f ¥. The dashed curve was obtained by Cui, Akcakir, and Chen.3
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which satisfies the normalization condition
R
drduφ (r,u,s)=nL/a.

In the above the partition function of a single chain reads

Q ¼ 1

4πV

Z
dr du exp -

1

a

Z L

0

Wðr, uÞ ds
" #

ð43Þ

The above solution of φ(r,u,s) has the mathematical property,

φ½r- uðL=2- sÞ, u, s� ¼ φðr, u,L=2Þ

which is valid for rod-like molecules only.
There are three terms in the free energy, eq 6. The last term on

the right-hand side can be expressed as

last term ¼ -
1

n

Z
dr du Wðr, uÞφðr, uÞ

¼ -
1

nL

Z L

0

ds

Z
dr du Wðr, uÞφðr, u, sÞ

¼ -
1

nL

Z L

0

ds

Z
dr duWðrþ su-Lu=2, uÞφðr, u,L=2Þ

ð44Þ

On the basis of eq 42, we have

last term ¼ a

nL

Z
dr du φðr, u,L=2Þ ln φðr, u,L=2Þ- ln

n

Q

� �

- ln
L

4πVa

� �
ð45Þ

The excluded-volume interaction term in eq 6 can also be written
as

a2d

nL2

Z
ds ds0 dr dr0 du du0 φðr, u, sÞφðr0, u0, s0Þju

� u0jδðr- r0Þ ¼ a2d

nL2

Z
ds ds0

�
Z

dr dr0 du du0 φðr, u,L=2Þφðr0, u0,L=2Þju

� u0jδðrþ su-Lu=2, r0 þ s0u0 -Lu0=2Þ ð46Þ

Instead of φ(r,u,L/2), we can introduce the number density of
rods, represented by the center of mass of each rod, F(r,u) � (a/
L)φ(r,u,L/2), the Helmholtz free energy of the entire system can
then be written as

nF

kBT
¼

Z
dr du rðr, uÞ ln rðr, uÞ

þ 1

2

Z
dr dr0 du du0 rðr, uÞrðr0, u0Þð2dÞju� u0jωðr, r0, u, u0Þ

ð47Þ

where ω(r,r0,u,u0) � R
ds ds0 δ(r þ su - Lu/2,r0 þ s0u - Lu0/2),

within a trivial ln(L/4πVa) constant shift. The above free energy
is the starting point of themodel considered in refs 1, 2, 5, 8, 9, and
18. Note that the Kuhn length a disappears completely in eq 47.

Appendix B: The Flexible Chain Limit: R=L/a . 1

In this Appendix, we show that the formalism given in section
22 is identical to the free energy model for a liquid-crystal
interface formed by lytropic polymers, in the limit of L . a.
One important fact is such that in order to reach the isotropic-
nematic transition point, the segmental density20,22,41 can be
estimated to have the order of magnitude

nL

Va
∼ 1

a2d
ð48Þ

hence n-1 ∼ (L/a)(a2d/V). Using this estimate, we can show that
the second and third terms of eq 6 have an order of magnitude of
L/a, much greater than the ln(L/a)-order of the ln(n/Q) term in
eq 6. The latter can thus be dropped in the limitL. a. The grand
thermodynamic potential for the system can then be written as

Ξ

kBT
¼ -

Z
dr du Wðr, uÞφðr, uÞþ a2d

Z
dr du du0 φðr, uÞju

� u0jφðr, u0Þ- aμ

L

Z
dr du φðr, uÞ

ð49Þ

where μh � μ/kBT is the chemical potential per chain.
In the long-chain limit, q(r,u,s) becomes s-independent inmost

region of s,

qðr, u, sÞ ∼ ~qðr, uÞ ð50Þ

According to eq 8, we can then consider a solution to

½r2
u - au 3r-Wðr, uÞ�~qðr, uÞ ¼ 0 ð51Þ

Note that φ(r,u) is related to q~(r,u) by

φðr, uÞ� ~qðr, uÞ~qðr, - uÞ ð52Þ

up to a proportional coefficient.
Equations 49, 51, and 52 are identical to eqs 1, 4, and 6 in ref 24

for the segmental density φ(r,u), which was denoted as F(x,u)
in ref 24. Introducing a chain density Fc(x,u)=(a/L)φ(r,u) and
W(r,u)=(L/a)W(r,u), we can also show that eqs 49,51 and 52 are
the same as the starting eqs 1-3 in ref 3, except for a misprint of
factor 1/2 in eq 2 of ref 3 introduced in the write-up stagewhile the
original calculation was performed correctly with no such factor.
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